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1. はじめに 

決定論的システムにみられるカオス現象は，初期値

鋭敏性や長期予測不能性，解軌道不安定性により特徴

付けられる非周期的振動現象である．工学分野では，

ダイオード共振回路，交通システム，ニューラルネッ

トワークなどにおいて，カオス現象が観察されること

が知られている．カオス現象を制御することは，シス

テムの安定性を考える上で重要である．カオス制御の

代表的な手法として， OGY 法 1)，遅延フィードバッ

ク制御法 2)，および，予測値に基づくフィードバック

制御法 3)が提案されている． 本研究では，予測値に基
づくフィードバック制御法における予測値を機械学

習により求め，不安定周期軌道を低次数周期の周期点

に安定化させる方法について研究する． 

2. ロジスティック写像の不安定周期軌道制御 

〈2･1〉ロジスティック写像 
1 次元離散時間力学系であるロジスティック写像の
ダイナミクスは， 

!(# + 1) = (!(#))1 − !(#)+ (1) 
と定義される. #は離散時間，!は内部状態変数，(はパ
ラメータである．(により，軌道の振舞いが変化し，
3.5699456. . . < ( < 	4，のときカオス現象がみられる． 
〈2･2〉予測値に基づくフィードバック制御法 
今回は，従来方法である予測値に基づくフィードバ

ック制御法に基づき実験を行った．カオス軌道に微小

な摂動を印加することで，固定点(周期点)に安定化す
る．固定点(周期点)は，カオス軌道の時系列データに
対し，反復定量分析(Recurrence Quantification Analysis, 
RQA)により求める．時刻#における，カオス軌道!(#)
が RQA により求めた固定点（周期点）の近傍の値を
とるとき，微小摂動， 

∆5 = 6(!!(# + 	7) − !(#)) (2) 
を印加することで，対象となる固定点(周期点)にカオ
ス軌道を収束することができる．ここで，!!(# + 	7)は，
カオス軌道の予測値であり，固定点の時, 7 = 1であ
る．6はパラメータであり，今回の実験では，-0.5に設
定した．予測値!!(# + 	7)は，あらかじめ取得したカオ
ス軌道の時系列データに基づき求める． 

3. 実験結果 

  図 1 に，( = 3.7におけるロジスティック写像と微小

摂動の時間波形を示す．図 1(b), (c)において，	# =50 付
近で微小摂動が印加され，カオス的な軌道が 2周期点
へ制御されていることがわかる． 

4. まとめ 

従来方法である予測値に基づくフィードバック制

御法により，ロジスティック写像に見られるカオス現

象を 2周期点へ安定化できることを確認した．今後，
フィードバック制御法に用いる予測値を機械学習に

より求め，同様の制御が可能か実験を行う．  
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(a) ロジスティック写像の時間波形(( = 3.7) 

(b) 微小摂動印加による 2周期点への制御 

(c) 微小摂動 

図 1 ロジスティック写像と微小摂動の時間波形 
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Fig. 5. Waveforms of GAM with PFC observed at β = −0.4, ε = 0.6, and α = 16 to avoid the generation of the pseudo
pattern shown in Fig. 3(c).
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Fig. 6. The output sequence of the GAM with PFC when the initial pattern is a noisy pattern in Fig. 3(b). System parameters
are set to α = 16.0, β = −0.5, ε = 0.6, and K = −0.2.

stable asymmetric two periodic points were observed. The parameter regions in Figs. 4(a)–(d) correspond
to the generation of the output patterns same as the stored patterns shown in Figs. 1(a)–(d). The different
types of shaded patterns represent the difference in phase between multiple two periodic points.

If we set the parameters in the region where the stable symmetric fixed point exists, the GAM could
not appropriately work depending on an initial pattern since the stable symmetric fixed point could not
generate the recalling pattern related to the stored patterns. Therefore, we set the parameter at β = −0.4
and ε = 0.6 where the symmetric stable fixed point does not exist and the stable asymmetric two periodic
points could generate each recalling pattern.

4.2. Avoiding generation of pseudo patterns in GAM

Even though we set the parameters at β = −0.4 and ε = 0.6 based on the results of the bifurcation
analysis, the pseudo patterns have been generated depending on a trigger pattern. Herein, the GAM was
implemented with the PFC to avoid the generation of pseudo pattens. The experimental results revealed
that the generation of pseudo patterns related to the occurrence of the quasi-periodic points such as shown
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of the associative memory. On the other hand, a chaotic associative memory model, which is comprised of
chaotic neurons, was proposed [Adachi & Aihara, 1997]. One of the characteristics of the chaotic associative
memory is that the model has transient dynamics and successively recalls stored patterns by utilizing the
chaotic behavior.

In the huge number of the existing literature related to the associative memory model, the key con-
cepts of the study are on the recalling properties, capacity and robustness of the model. Related to the
recalling properties, the associative memory model sometimes generates the pseudo patterns in which the
model recalls unrelated patterns to the stored patterns. When we imagine the recalling process of human
ourselves, it might be intrinsically understood because we sometimes remember false memories that are
not real. However, the generation of the pseudo patterns is not appropriate and should be avoided when
the associative memory model is utilized as the actual processing method in the field of data processing
such as the image processing, image recognition, data analysis, computer vision, and so on.

In the previous study, we proposed the Gaussian associative memory model (GAM) comprised of
coupled Gaussian maps. The Gaussian map is a one-dimensional dynamical system, and the function of
the Gaussian map is bell-shaped, which is similar to the shape of the logistic map. In [Kobayashi &
Yoshinaga, 2018], we investigated the difference of the bifurcation structures between the mutually coupled
Gaussian and logistic maps models. In the mutually coupled Gaussian maps model, the asymmetric stable
fixed points were observed, which did not appear in the mutually coupled logistic maps, and we elucidated
the mechanism of the generation of the asymmetric stable fixed points based on the bifurcation analysis.

The existence of the asymmetric stable periodic points of the coupled Gaussian maps is the key point
to establish the GAM, which appropriately works to recall the stored patterns. In the bifurcation analysis
of the reduced model of the GAM, we investigated the parameter region where the multiple asymmetric
stable two-periodic points coexist and the periodic points could lead to successfully recall one of the stored
patterns. However, the pseudo patterns were also generated depending on an input trigger pattern at the
parameter settings. In the simulation, the coupled Gaussian maps tended to oscillate quasi-periodically
when the pseudo pattern was generated.

Herein, we develop the method of avoiding the pseudo pattern generation in the GAM. With the
parameter settings based on the results of the bifurcation analysis, we implemented the method of the
recurrence quantification analysis (RQA), and the prediction-based feedback control (PFC) to the GAM
to develop the system to avoid the generation of the pseudo patterns. In this paper, we first review the
parameter design of the GAM based on the bifurcation analysis of the reduced coupled Gaussian maps
model. Then, the implementation of the RQA and PFC to the GAM is represented and the recalling process
of the GAM is demonstrated.

2. Associative memory of coupled Gaussian maps

The dynamics of GAM are described as a difference equation, which can be expressed as follows:

x(t+ 1) = f(x(t)). (1)

Equivalently, they can be described as an iterated map, which can be expressed as follows:

f : RN → RN ;x "→ f(x), (2)

where t denotes discrete time, R represents a set of real numbers, and x and f represent (x1, x2, . . . , xN )!

and (f1, f2, . . . , fN )!, respectively. The ith Gaussian map in the GAM is updated by

xi(t+ 1) = exp(−αxi(t)2) + β +
εs

N

N∑

j

wijxj(t), i = 1, 2, . . . , N, (3)

where α, β, and ε are parameters; N is the number of the Gaussian maps in the coupled maps model,
which is equal to the number of the pixels of images dealt with in the GAM; the first and the second
terms represent the dynamics of a single Gaussian map, and the third term denotes the coupling among N
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Figure 2: Trajectories of mobile robots at t = 1000. (a) and (b): v = 5, and (c) and (d): v = 10.

polygonal paths and the smooth curves at the same time as
shown in Figs. 2(b) and (d) while those of the Arnold equa-
tions model are composed of only curves. The shape of the
patterns changed depending on the velocity.

To consider the effectiveness of the path generation based
on the proposed model, we investigated the covering ratio by
using the method in the section 3.1. Figure 3 shows the re-
lationship between the growth of the covering ratio and the
time steps in the Arnold equations and the proposed mod-
els. The solid and dashed curves represent the covering ratios
of the trajectories generated by the Arnold equations and the
proposed models, respectively. Each trajectory can reach to
almost 100% covering by around t = 8000.

Based on the calculation of Eq. (6), we present the sample
variances of the positions of the mobile robots on the x- and
y-coordinates in Fig. 4. In each diagram, the solid curves rep-

resent the sample variances obtained by the Arnold equations
while the dashed curves denote those of the proposed model.
The sample variances on the x- and y-coordinates calculated
for the proposed model can be approximately constant af-
ter around t = 1000. However, as shown in Fig. 4(b), the
sample variance related to the trajectory generated from the
Arnold equations model on y-coordinates declined at around
t = 3000. Figure 5 can explain the reason of the decline
of the sample variance because the trajectory generated from
the Arnold equations model was distributed on the lower half
part of the diagram. On the other hand, the trajectory gen-
erated from the proposed model was uniformly distributed
under the parameter settings compared with the Arnold equa-
tions model. As for the computational speed, the proposed
method was faster a few seconds than the Arnold equations
model when the simulations were conducted for t = 20000.
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of the sample variance because the trajectory generated from
the Arnold equations model was distributed on the lower half
part of the diagram. On the other hand, the trajectory gen-
erated from the proposed model was uniformly distributed
under the parameter settings compared with the Arnold equa-
tions model. As for the computational speed, the proposed
method was faster a few seconds than the Arnold equations
model when the simulations were conducted for t = 20000.
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(a) Arnold equations model at v = 5 (b) Proposed model at v = 5
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(c) Arnold equations model at v = 10 (d) Proposed model at v = 10

Figure 2: Trajectories of mobile robots at t = 1000. (a) and (b): v = 5, and (c) and (d): v = 10.

polygonal paths and the smooth curves at the same time as
shown in Figs. 2(b) and (d) while those of the Arnold equa-
tions model are composed of only curves. The shape of the
patterns changed depending on the velocity.

To consider the effectiveness of the path generation based
on the proposed model, we investigated the covering ratio by
using the method in the section 3.1. Figure 3 shows the re-
lationship between the growth of the covering ratio and the
time steps in the Arnold equations and the proposed mod-
els. The solid and dashed curves represent the covering ratios
of the trajectories generated by the Arnold equations and the
proposed models, respectively. Each trajectory can reach to
almost 100% covering by around t = 8000.

Based on the calculation of Eq. (6), we present the sample
variances of the positions of the mobile robots on the x- and
y-coordinates in Fig. 4. In each diagram, the solid curves rep-

resent the sample variances obtained by the Arnold equations
while the dashed curves denote those of the proposed model.
The sample variances on the x- and y-coordinates calculated
for the proposed model can be approximately constant af-
ter around t = 1000. However, as shown in Fig. 4(b), the
sample variance related to the trajectory generated from the
Arnold equations model on y-coordinates declined at around
t = 3000. Figure 5 can explain the reason of the decline
of the sample variance because the trajectory generated from
the Arnold equations model was distributed on the lower half
part of the diagram. On the other hand, the trajectory gen-
erated from the proposed model was uniformly distributed
under the parameter settings compared with the Arnold equa-
tions model. As for the computational speed, the proposed
method was faster a few seconds than the Arnold equations
model when the simulations were conducted for t = 20000.
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微分方程式や差分方程式で記述される非線形数理モデルに
みられる非線形現象を，信号処理，画像処理，アクチュ
エータ制御などに応用する方法について研究する．

連想記憶モデルによる画像処理

自走ロボット駆動アルゴリズム

非線形数理モデルにみられるカオス現象を機械学習により 
得られる予測値を用いて安定化する手法について研究する．

非線形数理モデルにみられる非線形現象の
工学的応用に関する研究

非線形信号の時系列解析に用いられるリアプノフスペクト
ラム解析やフラクタル次元解析を工学分野に応用する方法
について研究する. 

リアプノフ指数による超音波センサの特性評価 ロジスティック写像の解軌道の安定化
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非線形現象の工学的応用、非線形信号処理に用いられる解析手法の工学的応用、カオス制御法への機械学習への応用、
について研究を推進するとともに、

本研究内容の地域社会への貢献、還元法について考案
学生を巻き込んだ研究活動による教育

外部資金獲得、国際会議発表、学術論文投稿
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